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I Background

Bradley-Terry Reward Model
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I Problem

Diverse populations
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[1] Magnetic Preference Optimization: Achieving Last-iterate Convergence for Language Model Alignment. ICLR’25




I Problem

 The Limitation of ELO score

o ELO score fails to capture the correct

preference ordering between policies,

even in transitive situations.

"0.50 0.75
Y

Figure 2: Elo Score Fails to Rank Players for Some
Transitive Games. This figure displays the difference
uflle — yFle petween the Elo scores of uf’! of player 1, and
u5'° of player 2 (computed using the stationary Elo score in
Equation (1)). The difference of the Elo scores is displayed
for multiple probability matrices P(7+%) of the transitive
game (Example 3). Red dots indicate that uf'® > uf'l®
and green dots indicate u’™'® > u}'®, the size of the dots is

: Elo Elo
proportional to |u;"° — uz™°|.

IP(i_beats j) = o(a(u; —u;))

Example 3. Here we define a family of three-player tran-
sitive games for all v, € (0.5,1]. Contrary to Elo games
(Example 1), outcome probabilities might be non-additive:

0.5 0% 0%
PO =|1—~v 05 ¢
11—y 1-46 0.5

Example 3 describes the payoff matrix of a game that is
transitive for -y, d € (0.5, 1], however when - is close to 0.5
and ¢ is close to 1—i.e., the second player slightly loses
against the first one and significantly wins against the third
one—Elo score fails to assign scores which yield correct
matchup predictions between players. Figure 2 displays
the set of values ~y, § for which the Elo score fails (in red)
and succeeds (in green) to correctly estimate the probability
of winning between the first and the second players of the
game P(7%) (Example 3). Despite the game being transitive
(player 1 beats player 2 and 3 and player 2 beats player 3),
there exists a significant range of values ~, §, for which the
Elo score assigns a larger score to player 2 than player 1,
and thus wrongly predicts the outcome of the confrontation.

[1] On the Limitations of the Elo, Real-World Games are Transitive, not Additive. AISTATS'23




I Problem

* The Diversity of Human Preference

o Given the inherent stochasticity of human preferences, one often learns a

reward model that leads to a collapse in generation diversity.

o Due to either finite sample or optimization error, we can easily learn a model
that assigns a slightly higher reward to one option over the other. Then, if we
were to optimize our policy under this model, we would learn to (almost)

exclusively select one option, leaving half of the population unsatisfied.

[1] Nash Learning from Human Feedback. ICML 24




I Motivation

Intuitively, this means that while we don’t always make everyone
happy (an impossibility), we never pick a solution that makes a
significant portion of the population consistently unhappy.
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I Define

Preference Oracle. In the preference-based RL setup, we
are given query access to a preference function

P:ExE—[-1,1] (1)

which, given two trajectories £1,&2 € = X =, outputs a
scalar that indicates the preferred trajectory. Explicitly,
given some comparison function P(§; > &2), we define
P(&1,&2) = 2P(& > &) — 1. Practically, this could be

By construction, preference functions are anti-symmetric,

1.€. V£1,£2 € =X =, P(&l,fg) = —P(fg,fl). Similarly,
we have that V¢ € =, P(£,€) = 0.

We assume access to a convex and compact policy class
IT C {S — A(A)}. With a slight abuse of notation, we can
now define the preference function over policy pairs as

P(ﬂ-l’ﬂ-Z) = EElNﬂ'l Ea~To [73(61’52)] (2)
—




I Social Choice Theory

of other options. In the above matrix, this would be either
option a or d as they have the largest row sums. More
formally, this technique is known as a Copeland Winner and
can be expressed mathematically as

Given choices from a population of raters that are repre-
sented as a preference function P, social choice theory (Sen,
1986) studies the question of how best to select options that
satisfy the diversity of preferences inherent in the said popu-
lation. For example, consider the set of preferences P; over

A /
options (a, b, ¢, d) in Figure 3. CW(P) = arfg?x W/ZEHP(W’ ™). 3)
a b ¢ d Figure 3: An‘ Intransitive While intuitively appealing, Copeland Winners are often not
preference function P; over unique as in our above example, raising the question of how
a 0 +1 +1 (a,b,c,d). Pi(z,y) = 1if to break ties. For example, if half of the group feels like
b 0 41 Pz = y)=1,—-1if P(z > a > d and the other half like d > a, picking either option
y) = 0,and 0 if P(x > y) = would leave half of the group unsatisfied. This problem
¢ 0 +1 0.5. Observe that there is no only gets worse as the number of options to choose between
d 41 41 0 unique Copeland Winner. increases, as there is unlikely to be a single option that

everyone prefers to every other option (Dudik et al., 2015).?

In essence, approaches that train reward models like reward-

Given this preference function, perhaps the most natural idea based RLHF (or implicitly assume them like DPO) are akin

would be to pick the option that beats the largest number to computing Copeland Winners. Observe that our above
matrix has an intransitivity: a > c,c > d,d > a. This

means that no reward function can explain the above prefer-
ences as it would need to satisfy r(a) > r(c), r(c) > r(d)
and r(d) > r(a) simultaneously, an impossibility. Thus, the

—




I MiniMax Winner

In this paper we will consider the objective of finding a pol-
icy m* which is preferred over any other alternative policy:

7 € arg maxmin P(r = 7). (1)

T i

This objective implicitly defines a two-player game, in
which the players select policies 7 and 7/, the first player
receiving a payoff of P(m > 7’), and the second player
receiving P(7’ > m) = 1 — P(w > «’). This is there-
fore a two-player, antisymmetric, constant-sum game, and
it follows that when both players use a policy 7* solving
Equation (1), this is a Nash equilibrium for this game, by
the minimax theorem (von Neumann, 1928). This is the
fundamental solution concept we study in this paper.
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I Self-Play Preference Optimization (SPO)

Common algorithms like gradient descent satisfy this prop-
erty (Zinkevich, 2003). See Hazan et al. (2016) for a more

extensive list. We define the SPO Loss at round ¢ € [T as
the negative preference against the current iterate py,

EfPo(p) = Eﬂwp,ﬂ’wpt [—P(ﬂ', ﬂj))]- (6)
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I Self-Play Preference Optimization (SPO)

Algorithm 2 SPO (Practical Version)

1: Input: Iterations 7', Preference fn. P, Queue size B,
Reinforcement learning algo. RL : IT x D — 1L
Output: Trained policy 7.

Initialize 7, € II, Queue Q + [fl:B ~ 71'1].
fortinl...T do
Sample ft ~ T¢.
// Win-rate over queue as reward
Compute r¢(&;) = ﬁ Zf=1 P&, &)
Set ’I"? = Tt(gt)/H, Vh € [H]
// use PPO, TRPO, SAC
M1 € RL(th D= {(S?v a?: Tf)}hE[H])'
11: Q<+ [&,...,€B,&]
12: end for
13: Return best of 7.7 on validation data.

W 3Nk bd

—
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Approach Example Compounding Errors Intransitive Prefs Learning Setup
Offline, Reward-Based DPO (Rafailov et al., 2023) X, Example D.1 X, Theorem 2.4  Offline, log-loss
Online, Reward-Based PPO (Ouyang et al., 2022) v X, Theorem 2.4 Online RL

Online, Dueling DBGD (Yue & Joachims, 2009) v v Online adver. RL
Online, Preference-Based SPO (ours) v v Online RL

Table 1: An taxonomy of RLHF algorithms and the sorts of issues they are robust to.




Experiments

walker:walk

1000
750
E 500
= — RL
250 sPO
—— RM
Okl L 1 1 1 1
00 02 04 06 08 10

Env. Steps le7

walker:walk SPO

walker:stand cheetah:run

1000
400 750
£ 600 E 500
£ — = — RL
400 RL
SPO 250 SPO
200 RM . — RM
00 02 04 06 08 L0 00 02 04 06 08 1.0
Env. Steps le7 Env. Steps le7

(a) Maximum Reward Preferences

walker:walk RM walker:stand SPO

£=0.0 800 —— £=0.0 o 1000 £=0.0
750F — £=0.1 —— £=0.1 o — 800F — £=0.1
. — £=02 AGOO £=02 g =02
E500F — £=03 E 400 £=03 £ 600F ___ ._o3
= — £=04 = e=047 = ook — e=0a4
250 200 ¥
200
ok ! | . 1 ! 0kl 1 s 1 ) . . . L . A A
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Env. Steps le7 Env. Steps le7 Env. Steps le7
(b) Stochastic Preferences
walker:walk 20.0 walker:stand 20.0 cheetah:run 10.0
300 SPO RM RIRSY SPO —— RM e 4+ Fax SPO  —— RM A Fax
400
200
= T 300
= =
VIV g % AL i OO
. ‘ . \ . ‘ | | : | i . Okt \ . ! . !
00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0
Env. Steps le7 Env. Steps le7 Env. Steps le7

(c) Non-Markovian Preferences

Jim)

quadruped:run

750
500
— RL
250 SPO
— RM
0k L . 1 1
0.0 0.2 0.4 0.6 0.8 1.0
Env. Steps le7
walker:stand RM
1000 e
—— £=0.0 s
800F — &£=0.1 Ve
£=0.2 ”r"-
600 £=03 ;:7'/
100 £=04
il
200
1 1 1 1 1 1
00 02 04 0.6 0.8 1.0
Env. Steps le7
quadruped:run 50.0
300 SPO —— RM e 4 - Fiax

04 06 08

Env. Steps

0.2 1.0

le7

—




I Experiments

® RM % Minimax Winner SPO

dr(pf™, p*)=0.51  dn(p™, p*)=0.07  dn(p"¥, p*)=0.63

drv(pspo, p*) =0.02 drv(pspo, p*) = 0.00

(a) Intransitive Prefs. (Discrete)
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I Discussion
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Nash equilibrium in evaluating LLMs/VLMs?
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